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Abstract: We derive the transverse momentum dependent (TMD) factorization and re-
summation formula of the unpolarized transverse momentum distribution (jT ) for the single
hadron production with the thrust axis in electron-positron collision. Two different kine-
matic regions are considered, including small transverse momentum limit jT  Q, and
joint transverse momentum and threshold limit jT  Q(1− zh) Q, where Q and zh are
the hard scattering energy and the observed hadron momentum fraction. Using effective
theory methods, we resum logarithms ln(Q/jT ) and ln(1 − zh) to all orders. In the end
we present the differential cross sections and Gaussian widths calculated for the inclusive
charged pion production and find that our results are consistent with the measurements
reported by the Belle collaboration.
ar
X
iv
:2
00
7.
14
42
5v
1 
 [h
ep
-p
h]
  2
8 J
ul 
20
20
Contents
1 Introduction 1
2 TMD formalism: global structure 3
2.1 TMD factorization formalism 4
2.2 TMD formalism in coordinate space 6
2.3 TMD formalism at threshold zh → 1 10
3 Factorization and Resummation: full story 13
4 Numerical results 16
5 Conclusion 19
1 Introduction
The transverse momentum dependent parton distribution functions (TMD PDFs) and frag-
mentation functions (TMD FFs) are the fundamental objects to understand the intrinsic
hadron structure, in particular, the three-dimensional (3D) imaging of the hadrons in the
momentum space [1–3]. A lot of progress has been made in understanding 3D imagining
of the nucleon via both unpolarized and polarized TMD PDFs, see some recent work in
Refs. [4–15]. On the other hand, in comparison with the fruitful results in TMD PDFs, the
research on the TMD FFs of hadrons definitely needs more development. The current main
channels to probe TMD FFs are either semi-inclusive processes in deep inelastic scattering
(SIDIS) and in e+e− collisions (hadron pair production) [16–19], or hadron distribution
inside jets [20–26]. For a recent review on fragmentation functions, see Ref. [27]. It will be
interesting and instructive to find more observables to probe TMD FFs.
The extraction of TMD PDFs and/or TMD FFs relies on the so-called TMD factor-
ization in QCD. For example, transverse momentum distribution of the Drell-Yan type
processes has been developed in the seminal literature by Collins, Soper and Sterman [28]
for a long time and is usually referred to as CSS formalism. For a modern reformulation
of the CSS formalism, see [29]. Similar formulas describe the TMD factorization for the
SIDIS process in electron-nucleon collisions, e−p→ e−hX [16, 30–32], and for back-to-back
hadron pair production in e+e− annihilation, e+e− → h1h2X [33–35]. The universality for
the non-perturbative parametrization has been investigated in [5, 6, 17, 36–40]. Recently,
the TMD factorization structure has been re-investigated using Soft-Collinear Effective
Theory (SCET) [41–44] and the renormalization group (RG) techniques [45–47].
The electron-positron collider provides a clean environment to study TMD FFs using
the inclusive hadron production, since there is no hadronic contamination from the initial
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states. The standard process to probe TMD FFs in e+e− collisions is the aforementioned
back-to-back hadron pair production, e+e− → h1h2X, which probes the same TMD FFs
as those in SIDIS process, e−p → e−hX 1. Recently, the single-hadron differential cross
section for the process, e+e− → hX, is reported by the Belle collaboration [48], where the
hadron cross section is studied as a function of the event-shape variable called thrust T ,
fractional energy zh, and the transverse momentum jT with respect to the thrust axis. The
jT distribution shows the usual Gaussian shape and this gives the hope that through such
a new measurement, one would gain better understanding of the same TMD FFs. With
such an assumption, some phenomenological work has been performed in [49, 50].
In this paper we perform a detailed theoretical study for the Belle observable and we
develop a TMD factorization formalism for describing such a jT distribution. The plane
perpendicular to the thrust axis splits the full phase space into two hemispheres. One
only measures the hadron jT in one hemisphere, and the other hemisphere is unmeasured.
Such type of measurements are termed as non-global observables [51], which are sensitive
to radiation in only a part of phase space. The factorization and resummation formula
for non-global observables have a very different structure from the standard global observ-
able [52]. For example, the leading-order evolution equation for Non-Global Logarithms
(NGLs) is named as BMS equation [53], which is a non-linear evolution equation. The
TMD factorization formalism for the non-global hemisphere event shape has been studied
by one of the authors in [54], where they find that the rapidity logarithms evolution does
not constitute an essential complicated structure, since it is tied with a universal transverse
momentum dependent jet function which also appears in the global observables. Besides,
after comparing with the data at the LEP, they also find that the leading non-perturbative
effects are related to the Collins-Soper kernel2.
We mainly consider the kinematic region with jT  Q, where a TMD factorization can
be developed which resums ln(Q/jT ). Here Q is the virtuality of the intermediate photon
in e+e− → γ∗. In this region, Belle collaboration finds that the cross sections can be
well described by Gaussians in jT , and that the width of the Gaussians shows an initially
rising, then decreasing zh-dependence when zh → 1. Because of this, we further consider
the threshold ln(1 − zh) resummation in the zh → 1 limit. We apply SCET to develop
a TMD factorization formalism. Using renormalization group evolution techniques, we
resum logarithmic terms to next-to-leading logarithmic (NLL) accuracy, including NGLs.
The experimental data are shown as comparison and in good agreement with our theoretical
predictions.
The remainder of this paper is organized as follows. In Sec. 2, we present a factorized
framework, which only resums the so-called global logarithms. This section would allow us
to develop intuition for our framework and understand connection to the standard TMD
FFs. In Sec. 3, we present the full factorization formalism, which allows us to resum both
global and NGLs. In Sec. 4, numerical results of differential cross sections for pion pro-
1Note that the modern formulation of so-called properly-defined TMD FFs combine the usual TMD FFs
and the soft function for the process. Here we are referring to the properly-defined TMD FFs. For details,
see [29].
2In [54] the Collins-Soper kernel is named as the collinear anomaly function.
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duction in e+e− → pi±X are presented, as a function of energy fraction zh and transverse
momentum jT . We also present the Gaussian width for the jT distribution as computed
from our theoretical formalism, and compare them with the Belle experimental data. Fi-
nally, conclusions are given in Sec. 5.
2 TMD formalism: global structure
We consider the process, e+ + e− → h (zh, jT ) + X, in e+e− annihilation. The center-of-
mass (CM) energy of the e+e− collisions is given by s = Q2 = (pe+ +pe−)2, and the hadron
momentum fraction zh = 2ph · q/Q2 = 2Eh/Q is measured. In addition, the hadron’s
transverse momentum jT is measured with respect to the so-called thrust axis nˆ, which
maximizes the event-shape variable thrust T [55]:
T ≡ maxnˆ
∑
i |~pi · nˆ|∑
i |~pi|
, (2.1)
with the momenta ~pi of the particles measured in the e
+e− CM frame. For convenience, we
align the thrust axis to be along +z-direction, and define light-like vectors nµ = (1, nˆ) =
(1, 0, 0, 1) and n¯µ = (1,−nˆ) = (1, 0, 0,−1). We expand any momentum pµ in the light
cone frame as pµ = (p+, p−, pT ) with p+ = n · p = p0 − pz and p− = n¯ · p = p0 + pz. It is
important to emphasize that even though we measure the hadron transverse momentum jT
with respect to the thrust axis, our cross section is not differential in the thrust variable T .
In other words, we consider the cross section for the hadron production, which is differential
only in zh and jT :
dσ
dzh d2~jT
. (2.2)
That is to say, the only purpose of the thrust measurement is to provide the thrust axis nˆ
and we sum over the entire thrust region 0.5 < T < 1. For the cross section that is further
differential in the thrust variable T , see e.g. Refs. [56, 57]. We find that such an observable
in Eq. (2.2) has a better connection to the standard TMD FFs.
The plane perpendicular to the thrust axis divides the full space into two hemispheres:
the one on the right (along +z-side) is referred to as the right hemisphere, while the one on
the left is the left hemisphere. Note that the observed hadrons are always measured in the
right hemisphere, while no measurement is performed for the left hemisphere. Because of
this, the kinematics in the left hemisphere are unconstrained, our observable in Eq. (2.2) is
a non-global observable [58]. Such observables will involve non-global structures which can
not be captured by the traditional exponential formula [52]. In this paper we will apply
the jet effective theory [59, 60] to derive the factorization and resummation formula. Since
the full factorization structure is quite complicated which we save for the next section,
in this section, we will for the moment ignore the NGLs that arise from the non-global
structure, and write down a factorized formalism to resum the global logarithm and build
our intuition.
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Figure 1: Hadron transverse momentum ~jT with the thrust axis nˆ in two different regions.
The black lines represent the energetic partons in the unmeasured left hemisphere, while
the hadron is measured in the right hemisphere. Vertical dashed line represents a plane that
is perpendicular to the thrust axis and that divides the space to left and right hemisphere.
The red curves denote soft radiations from the energetic partons with the virtuality of jT .
The blue lines in the left panel describe collinear radiations along the thrust axis, while
the purple ones in the right panel give collinear-soft (c-soft) radiations .
2.1 TMD factorization formalism
We consider the kinematic region where the transverse momentum is small jT  Q, and
thus is sensitive to TMD physics. Setting the usual power expansion parameter λ = jT /Q,
we find that the relevant momentum modes in this region are given by
• hard: ph ∼ Q(1, 1, 1)
• collinear: pc ∼ Q(λ2, 1, λ)
• soft: ps ∼ Q(λ, λ, λ)
The different modes are illustrated in Fig. 1 (left). The hard modes encode energetic
radiations in the left hemisphere: since the hadron is observed in the right hemisphere and
has jT  Q, any energetic radiation in the right hemisphere will lead to a large transverse
momentum for the hadron and thus move the hadron out of the kinematic jT  Q region;
consequently such radiation is not allowed in the right hemisphere. On the other hand, soft
and collinear modes have the same transverse momentum of jT , and thus both contribute
to our observable. The difference is that collinear modes encode energetic radiations along
the thrust axis, while soft modes describes large angle long wave radiations. Based on the
mode analysis, the factorization formalism is given as
dσ
dzhd2~jT
=σ0
∑
i=q,q¯,g
e2q
∫
d2~kT d
2~λT δ
(2)
(
~jT − ~kT − zh~λT
)
×Hi(Q,µ)Dh/i(zh, kT , µ, ν)Si(λT , µ, ν) , (2.3)
where Dh/i(zh, kT , µ, ν) is the usual TMD FF with kT the transverse momentum of the
hadron h with respect to the fragmenting parton i. On the other hand, Si(λT , µ, ν) is
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the soft function, with µ and ν renormalization and rapidity scales, respectively. The
leading-order (LO) cross section is given by
σ0 =
4piα2em
3Q2
, (2.4)
with αem the fine structure constant. Note that the factorization in Eq. (2.3) neglects the
power corrections from the ratios j2T /Q
2, which is small in the kinematic jT  Q region
we consider. Nevertheless, in the region of jT ∼ Q one can include such power corrections
from the fixed-order calculations [61]. This is usually referred to as the Y -term in the CSS
formalism [28, 29].
(a) (b) (c)
qq¯
q
q¯
q
q¯
Figure 2: Three configurations that contribute to the hard function: (a) virtual correction;
(b) quark q is on the right hemisphere, while both anti-quark q¯ and gluon g are on the left
hemisphere; (c) gluon g is on the right hemisphere, while both quark q and anti-quark q¯
are on the left hemisphere. Note that the observed hadron is on the right hemisphere.
It is important to emphasize that the above TMD formalism is already different from
the earlier conjectures used in [49, 50]. In particular, at leading power, our formalism
depends on both quark and gluon TMD FFs, while the previous conjecture contains only
quark TMD FFs. To convince that this has to be the case, the easiest way is to look at the
Feynman diagram configurations that contribute to our observable at the next-to-leading
order (NLO), from which we also derive the hard functions H i with i = q (q¯), g. At LO,
we produce back-to-back quark q and anti-quark q¯, each in their corresponding left or right
hemisphere, and our hard function is normalized to be H = 1 at this order. At NLO, we
receive three contributions as shown in Fig. 2. Here, Fig. 2 (a) is the virtual correction
to the LO process e+e− → qq¯ and q (or q¯) later on fragments into the observed hadron
h, and thus this contribution is associated with the quark TMD FFs Dh/q(zh, kT , µ, ν) in
Eq. (2.3). Fig. 2 (b) and (c) describe the hard scattering with three partons in the final
state, where two hard partons are emitted in the left hemisphere and one parton i in the
right hemisphere. Here, for three-particle final states the thrust axis nˆ is determined by the
direction of the most energetic parton. For (b), it is q¯ and g on the left hemisphere, while q
on the right hemisphere, which fragments into the hadron h and thus we have quark TMD
FF Dh/q. For (c), it is q and q¯ on the left hemisphere, while g on the right hemisphere
which fragments into the hadron h and thus we have gluon TMD FF Dh/g in Eq. (2.3). We
emphasize again that no hard radiations are allowed in the right hemisphere to maintain
jT  Q.
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Direct calculations give us the following expressions for the corresponding bare hard
functions at NLO,
Hq2 = Hq¯2 ≡ Hq(a)(Q, ) = 1 +
αs
4pi
CF
(
µ2
Q2
) [
− 4
2
− 6

− 16 + 7
3
pi2
]
, (2.5a)
Hq3 = Hq¯3 ≡ Hq(b)(Q, ) =
αs
4pi
CF
(
µ2
Q2
) [
2
2
+
3

+
29
3
− 3pi
2
2
− 2 ln2 (2)
+
5 ln (3)
4
− 4 Li2
(
−1
2
)]
, (2.5b)
Hg3 ≡ Hg(c)(Q, ) =
αs
4pi
CF
[
−1
6
+
pi2
3
+ 2 ln2 (2)− 5 ln (3)
4
+ 4 Li2
(
−1
2
)]
, (2.5c)
where we use the notation Him with index m = 2, 3 at NLO representing the number of
final-state partons, while the subscripts (a), (b), (c) correspond to the configurations in
Fig. 2. We include the LO result into Hi2, and we note that Hg3 starts at O(αs) order,
which is free of any divergence. Note that the function Hq2 is the standard dijet hard
function, that arise in e.g. back-to-back hadron pair production [17]. If one ignores the
non-global structure, the renormalization group (RG) equation for the hard function can
be easily obtained from the above expressions. However, the structure for the full RG
equations is much more complicated and will be shown in the next section.
2.2 TMD formalism in coordinate space
TMD formalism in Eq. (2.3) involves convolution over the transverse momentum ~kT and ~λT .
We apply the Fourier transform to go into the coordinate b-space and thus the convolution
becomes a simple product. To get started, realizing
δ(2)
(
~jT − ~kT − zh~λT
)
=
1
z2h
∫
d2~b
(2pi)2
ei
~b·(~jT /zh−~kT /zh−~λT ) , (2.6)
and we thus can write Eq. (2.3) in the following form
dσ
dzhd2~jT
= σ0
∑
i=q,q¯,g
e2q
∫
d2~b
(2pi)2
ei
~b·~jT /zhHi(Q,µ)Dh/i(zh, b, µ, ν)Si(b, µ, ν) , (2.7)
where the b-space TMD FF and soft function are defined as
Dh/i(zh, b, µ, ν) =
1
z2h
∫
d2~kT e
−i~b·~kT /zhDh/i(zh, kT , µ, ν) , (2.8)
Si(b, µ, ν) =
∫
d2~λT e
−i~b·~λTSi(λT , µ, ν) . (2.9)
Both TMD FFs and soft function suffer from rapidity divergence, which was regularized
via the rapidity regulator in [46, 62]. As a consequence we have rapidity poles in 1/η and
the associated rapidity scale ν, besides the usual poles in 1/ in dimensional regularization
and the associated renormalization scale µ. In order to resum relevant logarithms, one
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can use transitional CSS formalism [28], or effective theory approaches [45, 46, 62] 3. The
NLO perturbative expressions for TMD FFs are well-known [23], and we list here for
completeness:
Dq/q(zh, b, µ, ν) =
1
z2h
{
δ(1− zh)
+
αs
2pi
CF
[
2
η
(
1

+ ln
(
µ2
µ2b
))
+
1

(
ln
(
ν2
Q2
)
+
3
2
)]
δ(1− zh)
+
αs
2pi
[
− 1

− ln
(
µ2
z2hµ
2
b
)]
Pqq(zh)
+
αs
2pi
CF
[
ln
(
µ2
µ2b
)(
ln
(
ν2
Q2
)
+
3
2
)
δ(1− zh) + (1− zh)
]}
, (2.10a)
Dg/q(zh, b, µ, ν) =
1
z2h
{
αs
2pi
[
− 1

− ln
(
µ2
z2hµ
2
b
)]
Pgq(zh) +
αs
2pi
CF zh
}
, (2.10b)
where the splitting functions are given by
Pqq(zh) = CF
[
1 + z2h
(1− zh)+ +
3
2
δ (1− zh)
]
, Pgq(zh) = CF
1 + (1− zh)2
zh
. (2.11)
The NLO soft function Sq(b, µ, ν) can also be computed easily. Since at NLO, only soft
radiation that is emitted in the right hemisphere contributes to the hadron transverse
momentum jT , this will put a constraint for the soft gluon momentum k in the soft function,
i.e., kz > 0 or k
− > k+.
Sq(b, µ, ν) =
∫
d2~λT e
−i~λT ·~b
[
δ2(~λT ) +
αsCF
2pi2
eγE
Γ(1− )
∫
dk+dk−
2
×
(
µ2
~λ2T
)
2n · n¯
k+k−
δ+(k+k− − ~λ 2T )
∣∣∣∣ ν2kz
∣∣∣∣η θ(k+k− > 1
)]
= 1 +
αs
2pi
CF
[
2
η
(
−1

− ln
(
µ2
µ2b
))
+
1
2
− 1

ln
(
ν2
µ2
)
− ln
(
µ2
µ2b
)
ln
(
ν2
µ2b
)
+
1
2
ln2
(
µ2
µ2b
)
− pi
2
12
]
. (2.12)
It might be instructive to point out that the above soft function is exactly half of the
standard soft function for the back-to-back hadron pair production in e+e− collisions, as
well as those in SIDIS and Drell-Yan processes. This difference is precisely introduced by
the constraint kz > 0 for the radiated soft gluon. This situation is similar to the case
where one measures the transverse momentum of hadrons inside a jet with a jet radius R,
3We recommend [63] for the comparison for different TMD factorization frameworks.
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as studied in [23], where soft functions in these two situations are related to each other by
a boost along the z-direction.
With the explicit expressions for TMD FFs and soft function at NLO given above, one
can easily obtain their corresponding µ and ν evolution equations:
d
d lnµ
lnDh/q(zh, b, µ, ν) = γ
D
µ (αs) , (2.13a)
d
d ln ν
lnDh/q(zh, b, µ, ν) = γ
D
ν (αs) , (2.13b)
d
d lnµ
lnSq(b, µ, ν) = γSµ (αs) , (2.13c)
d
d ln ν
lnSq(b, µ, ν) = γSν (αs) . (2.13d)
Here the relevant anomalous dimensions are given by
γDµ (αs) = Γcusp(αs) ln
(
ν2
Q2
)
+ 2γDq(αs) , (2.14)
γSµ (αs) =− Γcusp(αs) ln
(
ν2
µ2
)
+ γS(αs) , (2.15)
γDν (αs) =− γSν (αs) = Γcusp(αs) ln
(
µ2
µ2b
)
, (2.16)
where the cusp anomalous dimensions Γcusp and the non-cusp γ
Dq ,S have their usual ex-
pansion
Γcusp(αs) =
∑
n=1
Γn−1
(αs
4pi
)n
, γDq ,S =
∑
n=1
γ
Dq ,S
n−1
(αs
4pi
)n
. (2.17)
We have the first few coefficients given by
Γ0 = 4CF , Γ1 =
(
268
9
− 4pi
2
3
)
CFCA − 40
9
C2Fnf ,
γ
Dq
0 = 3CF , γ
S
0 = 0 , (2.18)
where CF = (N
2
c − 1)/(2Nc) with Nc = 3, CA = 3, and nf represents the quark flavor
number.
It is important to realize that the rapidity divergences between TMD FFDh/q(zh, b, µ, ν)
and soft function Sq(b, µ, ν) cancel between them. This is to be compared with the stan-
dard case, e.g., back-to-back hadron pair production in e+e− collisions, where the rapidity
divergences cancel between one TMD FF Dh/q(zh, b, µ, ν) and the square-root of the stan-
dard soft function
√
Sq(b, µ, ν), see e.g. [17, 29, 62, 63]. Following the modern formulation
of TMD FFs, we combine them as the so-called properly-defined TMD FFs [29, 63] as
follows:
DTMDh/q (zh, b, µ) = Dh/q(zh, b, µ, ν)Sq(b, µ, ν) . (2.19)
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Using the evolution equations in Eq. (2.13), one can obtain the evolved TMD FFs DTMD
to be at the hard scale µh ∼ Q and thus resum the relevant logarithms ∼ ln(Q2/j2T ). For
example, the standard exercise is to evolve Sq from its characteristic scales µs ∼ µb and
νs ∼ µb, and Dh/q from its natural scales µD ∼ µb and νD ∼ Q, to the hard scale µh ∼ Q
and a common rapidity scale ν, from which one obtains
Dh/q(zh, b, µh, ν) =Dh/q(zh, b, µb, νD)
(
ν
νD
)−K(b,µb)
× exp
{∫ µh
µb
dµ
µ
[
Γcusp(αs) ln
(
ν2
Q2
)
+ 2γDq(αs)
]}
, (2.20)
Sq(b, µh, ν) =Sq(b, µb, νs)
(
ν
νs
)K(b,µb)
× exp
{∫ µh
µb
dµ
µ
[
−Γcusp(αs) ln
(
ν2
µ2
)
+ γS(αs)
]}
, (2.21)
where K(b, µb) = γ
S
ν (αs)|µ=µb is the rapidity anomalous dimension [46, 62] or Collins-Soper
kernel [29, 63]. Combine the above evolution equations, we thus obtain
DTMDh/q (zh, b, µh) = DTMDh/q (zh, b, µb) e−Spert(µb,µh)
(
νD
νs
)K(b,µb)
, (2.22)
where we have
DTMDh/q (zh, b, µh) =Dh/q(zh, b, µh, ν)Sq(b, µh, ν) , (2.23)
DTMDh/q (zh, b, µb) =Dh/q(zh, b, µb, νD)Sq(b, µb, νs) . (2.24)
On the other hand, the exponent of the evolution factor, i.e. the perturbative Sudakov
factor Spert(µb, µh) resums all the global logarithms and is given by
Spert(µb, µh) =
∫ µh
µb
dµ
µ
[
Γcusp(αs) ln
(
Q2
µ2
)
− 2γDq(αs)− γS(αs)
]
, (2.25)
Finally when the scale µb  ΛQCD, one can further match the TMD FFs DTMDh/q (zh, b, µb)
onto the collinear FFs Dh/q(zh, µb):
DTMDh/q (zh, b, µb) =
1
z2h
∑
i
∫ 1
zh
dz
z
Ci←q(z, b, µb)Dh/i(zh/z, µb) +O
(
Λ2QCD
µ2b
)
, (2.26)
where Ci←q(z, µb) = δiq δ(1 − z) at LO and the higher-order expressions can be found
in [17, 29, 64, 65].
On the other hand, when µb ∼ ΛQCD, one has to introduce non-perturbative contri-
butions, for which we apply the usual b∗-prescription to include the TMD evolution in the
large b region. Here we have b∗ defined as
b∗ =
b√
1 + b2/b2max
, (2.27)
– 9 –
where bmax is chosen [17] to be 1.5 GeV
−1. At the same time we include non-perturbative
function SNP(b,Q0, Q), which is given by [23, 36]
SNP(b,Q0, Q) =
g2
2
ln
(
b
b∗
)
ln
(
Q
Q0
)
+
gh
z2h
b2 , (2.28)
with Q20 = 2.4 GeV
2, g2 = 0.84 and gh = 0.042. We choose to work at the next-to-
leading logarithmic (NLL) level, we thus include two-loop cusp and one-loop normal anoma-
lous dimension, and tree-level matching coefficients. Then plugging in the above results
for DTMDh/q (zh, b, µh) in Eqs. (2.22) and (2.26), along with the non-perturbative function
SNP(b,Q0, Q) in Eq. (2.28), into the differential cross section in Eq. (2.7), we obtain the
all-order resummation formula
dσ
dzhd2~jT
= σ0
∑
i=q,q¯
e2i
∫ ∞
0
b db
2pi
J0(bjT /zh)e
−Spert(µb∗,µh)−SNP(b,Q0,Q) 1
z2h
Dh/i(zh, µb∗) , (2.29)
where the Bessel function J0 arises after integrating the angle between ~b and ~jT . We have
chosen the following scales
µh = Q, µb∗ = 2e−γE/b∗ . (2.30)
Such a formalism in Eq. (2.29) resums all the global logarithms in ln(Q2/j2T ).
2.3 TMD formalism at threshold zh → 1
Belle collaboration finds that the hadron cross sections can be well described by Gaussians
in jT in the small jT region, and that the width of the Gaussians shows an initially rising
for small to intermediate zh, while a decreasing zh-dependence for large zh . 1. In the
region zh → 1 region, the threshold logarithm of ln(1 − zh) would become important
and thus has to be resummed. In our phenomenological section, we find that the joint
threshold and TMD resummation will be able to describe well such a zh-dependence for
the Gaussian width. We develop theoretical formalism in this section for this purpose. As
we will show below, in the threshold region, an additional mode, so-called collinear-soft
(c-soft) mode [57, 66, 67] is relevant. Such a mode is shown as the purple curves in Fig. 1
(right), and the corresponding momentum scaling is given by
• c-soft: pS ∼
(
j2T /(Q(1− z)), Q(1− z), jT
)
Let us start our discussion with the fixed-order result of the perturbative TMD FFs Dq/q
and Dg/q in Eq. (2.10) in the threshold limit. By taking the limit zh → 1, we find at NLO
Dq/q(zh, b, µ, ν) =
1
z2h
{
δ(1− zh)
+
αs
2pi
CF
[
2
η
(
1

+ ln
(
µ2
µ2b
))
+
1

(
ln
(
ν2
Q2
)
+
3
2
)]
δ(1− zh)
+
αs
2pi
CF
[
− 1

− ln
(
µ2
µ2b
)][
2
(1− zh)+ +
3
2
δ (1− zh)
]
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+
αs
2pi
CF
[
ln
(
µ2
µ2b
)(
ln
(
ν2
Q2
)
+
3
2
)
δ(1− zh)
]}
, (2.31)
where we keep the overall factor of 1/z2h as a convention. Note that in this limit, one
can drop the mixing term Dg/q in comparison with the more singular terms δ(1− zh) and
1
(1−zh)+ in Dq/q, i.e. only the flavor diagonal q → q channel contributes. In the threshold
limit, we can refactorize the TMD FF Dh/q as
Dh/q(zh, b, µ, ν) =
∫ 1
zh
dz
z
Sq(z, b, µ, ν)Dh/q(zh/z, µ) , (2.32)
where Sq is a collinear-soft (c-soft) function [57, 66, 67] that takes into account the soft
radiation along the direction of the thrust axis, i.e. the c-soft mode mentioned above. At
NLO, it can be computed as follows
S q(z, b, µ, ν) = δ(1− z) + αsCF
2pi2
eγE
Γ(1− )
∫
dk+dk−
2
∫
d2~kT e
−i~kT ·~b 1
µ2
×
(
µ2
~k2T
)1+
2n · n¯
k+k−
δ+(k2)δ
(
k− − (1− z)Q) ∣∣∣∣ ν2kz
∣∣∣∣η
= δ(1− z) + αs
2pi
CF
[
1

+ ln
(
µ2
µ2b
)][(
2
η
+ ln
(
ν2
Q2
))
δ(1− z)− 2
(1− z)+
]
.
(2.33)
Note that the c-soft function S q(z, b, µ, ν) has the same rapidity anomalous dimension
as the TMD FF Dh/q(zh, b, µ, ν), which is cancelled after combining soft function Sq in
Eq. (2.12) and the c-soft function in Eq. (2.33). On the other hand, we also have the
collinear FFs at the threshold limit, whose perturbative expression is given by
Dq/q(zh, µ) = δ(1− zh) +
αs
2pi
CF
(
−1

)[
2
(1− zh)+ +
3
2
δ (1− zh)
]
. (2.34)
To perform the resummation in the threshold limit, one can perform the Mellin trans-
form or Laplace transformation [68], whose purpose is to convert the above convolution in
z-space into a simple product in the corresponding transformed space. Here we choose to
perform the Laplace transformation [69],
D˜h/q(κ, b, µ, ν) =
∫ ∞
0
dz¯he
− z¯h
κeγE Dh/q(1− z¯h, b, µ, ν) , (2.35)
where z¯h = 1− zh. Using the following relation in the threshold limit
1− zh = 1−
[
1−
(
1− zh
z
)]
[1− (1− z)] ≈
(
1− zh
z
)
+ (1− z) , (2.36)
one can express Eq. (2.32) as a product in the Laplace space
D˜h/q(κ, b, µ, ν) = S˜q(κ, b, µ, ν)D˜h/q(κ, µ) . (2.37)
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Note that we have also extended the integration from 0 < z¯ < 1 to 0 < z¯ < ∞ in the
threshold limit approximation. The NLO expressions for S˜q(κ, b, µ, ν) and D˜h/q(κ, µ) in
the Laplace space are given by
S˜ q(κ, b, µ, ν) = 1 +
αs
2pi
CF
[
1

+ ln
(
µ2
µ2b
)][
2
η
+ ln
(
ν2
κ2Q2
)]
, (2.38)
D˜q/q(κ, µ) = 1 +
αs
2pi
CF
(
−1

)[
ln
(
κ2
)
+
3
2
]
. (2.39)
From the above results, one can derive the RG equations for both S˜ q and Dq/q in the
Laplace space,
d
d lnµ
ln S˜q(κ, b, µ, ν) =
[
Γcusp(αs) ln
(
ν2
κ2Q2
)
+ γS˜q(αs)
]
, (2.40)
d
d ln ν
ln S˜q(κ, b, µ, ν) = γ
D
ν (αs) , (2.41)
d
d lnµ
ln D˜h/q (κ, µ) =
[
Γcusp(αs) ln
(
κ2
)
+ 2γfq(αs)
]
, (2.42)
where the normal anomalous dimensions γi expanded as γi =
∑
n=1 γ
i
n−1 (αs/4pi)
n with
i = S˜q, fq, and
γ
fq
0 = 3CF , γ
S˜q
0 = 0 . (2.43)
The above RG equations allow us to evolve c-soft function S˜ q(κ, b, µ, ν) from its nat-
ural scale µS ∼ µb and νS ∼ κQ, and the FF Dh/q(κ, µ) from initial scale µF , up to the
hard scale µh and a rapidity scale ν, we obtain
S˜ q(κ, b, µh, ν) = S˜
q(κ, b, µb, νS )
(
ν
νS
)−K(b,µb)
× exp
{∫ µh
µb
dµ
µ
[
Γcusp(αs) ln
(
ν2
κ2Q2
)
+ γS˜q(αs)
]}
, (2.44)
Dh/q(κ, µh) =Dh/q(κ, µF ) exp
[∫ µh
µF
dµ
µ
(
Γcusp(αs) ln(κ
2) + 2γfq(αs)
)]
. (2.45)
Combining the evolution for the global soft function Sq(b, µ, ν) in Eq. (2.21), we obtain the
following evolution for the properly-defined TMD FFs in the Laplace space,
D˜TMDh/q (κ, b, µh) =Sq(b, µb, νs)S˜ q(κ, b, µb, νS )D˜h/q(κ, µF )
× e−S˜pert(µb,µh)
(
νS
νs
)K(b,µb)
. (2.46)
Here the perturbative Sudakov factor S˜pert(µb, µh) is given by
S˜pert(µb, µh) =
∫ µh
µb
dµ
µ
[
Γcusp(αs) ln
(
κ2Q2
µ2
)]
– 12 –
−
∫ µh
µF
dµ
µ
[
Γcusp(αs) ln
(
κ2
)
+ 2γfq(αs)
]
, (2.47)
where the first integral represents the evolution of c-soft function and the global part of
the soft function from µb to µh, and the second one is collinear fragmentation function
from factorization scale µF to µh in the threshold limit. Performing the inverse Laplace
transform, we obtain the following expression for TMD FFs in the threshold limit
DTMDh/q (zh, b, µh) =
1
z2h
∫ 1
zh
dz
z
e−Sˆpert(µb,µh)
e−2γEη
Γ(2η)
1
1− zDh/q(zh/z, µh) . (2.48)
Here we derive the above formula using the first line of Sudakov factor in Eq. (2.47) and
setting µF = µh, and the parameter η is defined as
η = −
∫ µh
µb
dµ
µ
Γcusp(αs) . (2.49)
On the other hand, Sˆpert(µb, µh) in the momentum space in the threshold limit is given by
Sˆpert(µb, µh) =
∫ µh
µb
dµ
µ
[
Γcusp(αs) ln
(
(1− z)2Q2
µ2
)]
, (2.50)
where the argument in the logarithm is given by (1 − z)Q instead of the usual Q in the
threshold limit.
Finally using the above result, one can obtain the resummed formalism for the differ-
ential cross section at the NLL level
dσ
dzhd2~jT
=σ0
∑
i=q,q¯
∫ ∞
0
b db
2pi
J0(bjT /zh)
× 1
z2h
∫ 1
zh
dz
z
e−Sˆpert(µb∗,µh)−SˆNP(b,Q0,Q)
e−2γEη
Γ(2η)
1
1− zDh/i(zh/z, µh) , (2.51)
where we choose the non-perturbative Sudakov factor SˆNP(b,Q0, Q) to have the following
form
SˆNP(b,Q0, Q) =
g2
2
ln
(
b
b∗
)
ln
[
Q(1− zh)
Q0
]
+
gh
z2h
b2 . (2.52)
Here motivated by the argument in the perturbative Sudakov function in Eq. (2.50), we
replace Q by (1− zh)Q in the usual non-perturbative function SNP(b,Q0, Q) in Eq. (2.28)
to obtain SˆNP(b,Q0, Q) in the threshold limit.
3 Factorization and Resummation: full story
The plane perpendicular to the thrust axis divides the full space into two hemispheres.
One measures the transverse momentum of hadron h in the right hemisphere, and the
left hemisphere is inclusive. As we have emphasized above, hadron transverse momentum
with respect to the thrust axis is a non-global observable, since the left hemisphere are
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unobserved. Such type of observables will involve non-global structures which can not be
captured by the traditional exponential formula [52]. In this section, we apply formalism
developed in [59, 60] for the jet effective theory to derive the factorization and resummation
formula. Such a formalism will enable us to resum both global and non-global logarithms.
The global logarithmic structure has been discussed in the previous section. Here in this
section, we pay more attention to the NGLs [58]. Very recently, a similar structure is also
mentioned in [70].
In the standard TMD region where jT  Q, following the development in [59, 60], we
can write the factorization formalism as follows
dσ
dzhd2~jT
=
∑
i=q,q¯,g
∫
d2~kTd
2~λT δ
(2)(~jT − ~kT − zh~λT )
×
∞∑
m=2
1
Nc
Trc
[
Him({n}, Q, µ)⊗ Sm({n}, λT , µ, ν)
]
Dh/i(zh, kT , µ, ν) , (3.1)
where H, S, and Dh/i correspond to hard, soft and TMD FFs, respectively. Besides,
different from the formalism in the previous section that resums only global logarithms,
the hard and soft functions are now matrices in the color space, so we take color averaging as
Trc[· · · ]/Nc after multiplying them and integrating out the solid angles {n} = {n1, n2, · · · }
of the hard partons, where the angular integration is expressed by the symbol ⊗. The
index m denotes the number of energetic partons inside the hard function that is defined
in [54]. The index m in soft function then represents the number of Wilson lines, and the
momentum space soft function is defined as
Sm({n}, λT ) =
∫∑
Xs
δ(2)
(
~p⊥XR − ~λT
)
× 〈0|S†0(n)S†1 (n1) . . .S†m (nm) |XR〉 〈XR |S0(n)S1 (n1) . . .Sm (nm)| 0〉 . (3.2)
Here XR denotes soft states in the right hemisphere, and one only measures the contri-
butions from soft radiations in the right hemisphere. It is precisely because of such a
multi-Wilson line structure that makes the hard and soft function matrices in the color
space. After performing Fourier transformation for the observed ~jT , the factorization for-
mula is given as
dσ
dzhd2~jT
=
∑
i=q,q¯,g
∫
d2~b
(2pi)2
ei
~b·~jT /zh
×
∞∑
m=2
1
Nc
Trc
[
Him({n}, Q, µ)⊗ Sm({n}, b, µ, ν)
]
Dh/i(zh, b, µ, ν) . (3.3)
For the NGLs resummation, we use the same methods in [59] to perform renormaliza-
tion for the multi-Wilson-line operators. The renormalization constants of the hard and
soft function are matrices in the color space, which are given as
Hm ({n}, Q, ) =
m∑
l=2
Hl ({n}, Q, µ)ZHlm({n}, µ, ) , (3.4)
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S l ({n}, b, µ, ν) =
∞∑
m=l
ZSlm ({n}, b, µ, ν, , η) ⊗ˆSm ({n}, b, , η) , (3.5)
separately. The symbol ⊗ˆ denotes the integration of the angular vectors {nl+1, nl+2, · · · }
defined in [60]. The factor ZH and ZS are connected through the renormalization factor
(ZD) of the TMD FF as ZS = ZDZH . The above relations have been verified at the
two-loop order in [54, 59]. For convenience we define the global renormalization constant
ZS for the soft function as [11]
S2 ({n}, b, , η) = S2 ({n}, b, µ, ν)ZS . (3.6)
Then the global hard renormalization constant ZH is given as ZH = (ZDZS)−1, and the
non-global renormalization constant Zˆlm is given as
Zˆlm = Z
S
lmZ
S , ZHlm = ZˆlmZ
H . (3.7)
Based on the above definitions, the RG equations of each ingredients are given as
d
d lnµ
Hm ({n}, Q, µ) = (3.8)
m∑
l=2
Hl ({n}, Q, µ)
{[
Γcusp(αs) ln
Q2
µ2
− 2γDq(αs)− γS(αs)
]
δlm1− Γˆlm({n}, µ)
}
,
d
d lnµ
S l ({n}, b, µ, ν) = (3.9)
∞∑
m=l
{[
−Γcusp(αs) ln ν
2
µ2
+ γS(αs)
]
δlm1 + Γˆlm({n}, µ)
}
⊗ˆSm ({n}, Q, µ, ν) ,
d
d lnµ
Dh/i(z, b, µ, ν) =
[
Γcusp(αs) ln
ν2
Q2
+ 2γDq(αs)
]
Dh/i(z, b, µ, ν). (3.10)
where the anomalous dimensions are derived via
Γ = −Z−1 d
d lnµ
Z. (3.11)
Besides, both soft and TMD FF are suffering from the rapidity divergence, and the corre-
sponding Rapidity-RG equations for them are
d
d ln ν
S l ({n}, b, µ, ν) = γSν (αs)S l ({n}, b, µ, ν) . (3.12)
d
d ln ν
Dh/i(z, b, µ, ν) = γ
D
ν (αs)Dh/i(z, b, µ, ν). (3.13)
Similarly, the rapidity anomalous dimension is defined as
γν = −Z−1 d
d ln ν
Z. (3.14)
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The expressions for the one-loop global anomalous dimensions have been given in the
previous section. After solving the RG equations, we can obtain all-order resummation
formula. At the NLL accuracy it has the form as
dσ
dzhd2~jT
=σ0
∑
i=q,q¯
e2i
∫ ∞
0
b db
2pi
J0(bjT /zh)e
−Spert(µb∗,µh)−SNP(b,Q0,Q)
× 1
z2h
Dh/i(zh, µb∗)UNG(µb∗, µh) . (3.15)
In comparison with the resummed formalism in Eq. (2.29), we have the non-global evolution
function UNG, which is given as
UNG(µb∗, µh) =
1
Nc
∞∑
l=2
Trc
[
Hl
({
n′
}
, Q, µh
)⊗ ∞∑
m≥l
Ulm ({n}, µh, µb∗) ⊗ˆSm ({n}, b, µb∗)
]
, (3.16)
where UNG is the evolution function for the non-global parts. At the LL accuracy and
the large-Nc limit, one can calculate it using the parton shower algorithms in [51, 71] or
the numerical solution of the BMS equations [53]. For the convenience of our numerical
calculations in the next section, however, we choose the parametrization given in [51]
UNG (µb∗, µh) = exp
[
−CACF pi
2
3
u2
1 + (au)2
1 + (bu)c
]
, (3.17)
with a = 0.85CA, b = 0.86CA, c = 1.33, and
u =
∫ µh
µb∗
dµ
µ
αs(µ)
2pi
=
1
β0
ln
[
αs (µb∗)
αs (µh)
]
, (3.18)
where β0 =
11
3 CA − 43TFnf , with TF = 1/2.
For the differential cross section in the threshold limit, we find that the same non-
global evolution function UNG arises. We thus write the resummed formalism at the NLL
in the threshold limit zh → 1 as
dσ
dzhd2~jT
=σ0
∑
i=q,q¯
e2i
∫ ∞
0
b db
2pi
J0(bjT /zh)
∫ 1
zh
dz
z
e−Sˆpert(µb∗,µh)−SˆNP(b,Q0,Q)
× 1
z2h
e−2γEη
Γ(2η)
1
1− zDh/i(zh/z, µh)UNG(µb∗, µh) . (3.19)
4 Numerical results
In this section, we will study the differential cross sections and Gaussian widths of the
transverse momentum distribution for the single inclusive charged pion production (sum
of pi+ and pi−) in electron-positron annihilation process, e+e− → pi± + X, based on the
factorization and NLL resummation formula given in Sec. 3. For parton-to-pion fragmen-
tation functions, we use 2014 DSS analysis [72], where the uncertainties were determined
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Figure 3: Differential cross sections for the charged pion as a function of jT and different
zh bins with ∆zh = 0.05 interval in the region 0.15 < zh < 0.6. In each plot, TMD
resummation is applied and data points (black dots and histogram with error bars) from
Belle collaboration [48] are shown for comparison. The error bands correspond to 90% C.L.
uncertainty obtained from DSS fit [72].
based on the standard iterative Hessian method. Note that Belle data [48] was originally
presented in different thrust bins, in 0.5 < T < 0.7, 0.7 < T < 0.8, 0.8 < T < 0.9,
0.9 < T < 0.95 and 0.95 < T < 1.0. Since the theoretical formalism we have developed
in this paper is inclusive in the thrust variable, we thus combine the experimental data to
obtain the results for the entire region 0.5 < T < 1.0. The data shown in this section are
all the ones obtained via such a combination procedure. The errors of the data sets are
also combined weighted by corresponding thrust bins.
Fig. 3 shows the differential cross sections for pion production in e+e− collision as
a function of the pion transverse momentum jT , in different zh bins at the center-of-
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Figure 4: Transverse momentum jT distribution given by TMD resummation (red band)
and the joint TMD and threshold resummation (blue band) for the charged pion production
with zh bins 0.65 < zh < 0.7, 0.7 < zh < 0.75, 0.75 < zh < 0.8 and 0.8 < zh < 0.85 from
left to right. Results are shown in comparison with Belle data [48] in each pad. Error
bands represent 90% C.L. uncertainty.
mass energy
√
s = 10.58 GeV. The error bands correspond to 90% confidence level (C.L.)
uncertainty of parton-to-pion FFs determined in [72]. The hadron transverse momentum
with respected to thrust axis are given in 0 < jT < 1.0 GeV for each plot. The energy
fraction region 0.1 < zh < 0.65 is divided into eleven sub-regions with ∆zh = 0.05 for
each panel. As seen clearly in the figure, for the intermediate zh region (zh . 0.5), the
evaluations based on TMD resummation in Eq. (3.15) are in good agreement with the
data 4. On the other hand, as zh becomes relatively large (zh & 0.5) and thus approaches
threshold limit, the agreement becomes worse, which indicates the potential importance of
the threshold resummation effect.
In Fig. 4 we compare the differential cross sections obtained by using two resummations
schemes: transverse momentum resummation (shown in red curves) and joint transverse
momentum and threshold resummation (shown in blue curves). Similarly as before, the
error bands correspond to 90% confidence level (C.L.) uncertainty of parton-to-pion FFs.
The hadron transverse momentum with respected to thrust axis are given in 0 < jT < 1.0
GeV region. The energy fraction regions are 0.65 < zh < 0.7, 0.7 < zh < 0.75, 0.75 <
zh < 0.8 and 0.8 < zh < 0.85 from left to right. In Fig. 4, zh bins are larger than those
in Fig. 3 where the threshold logarithms are making some difference, thus compared to
TMD resummation, we see that joint resummation has a better performance in these zh
bins, especially in the small jT region. As zh gets larger, the consistency between joint
resummation results and data gets better with a decreasing Gaussian width. The jointly
resummed differential cross section decreases faster, indicating the a smaller Gaussian width
value, which is more consistent with experimental data compared to the results with only
transverse momentum resummed, where shapes are almost the same for the four zh bins
in such a large zh region.
4We have included an overall normalization of 0.25 in our theory to match the experimental data. Such
a normalization factor is consistent with what is fitted in [50].
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Figure 5: Gaussian widths for pion using TMD resummation (red band) and joint resum-
mation (blue band) as a function of zh in the thrust bin 0.5 < T < 1.0 under 90% C.L.
Data points are constructed by charged pion differential cross sections measured at Belle
detector.
To see the change of jT width as a function of zh, we fit the cross section dσ/dzhd
2~jT
as a function of j2T ,
dσ
dzhd2~jT
∝ 1
piσ2jT
exp
(−j2T /σ2jT ) , (4.1)
and reconstruct the Gaussian width σ2jT for both theory and experimental data. We com-
pute Gaussian width as a function of fractional energy zh using both TMD resummation
(red curve) and joint resummation (blue curve). In Fig. 5, for small zh region (zh < 0.5),
the logarithmically enhanced contribution origins from ln(Q/jT ), thus transverse momen-
tum resummed cross section σ2jT fits the data well. As the value of zh is increased, for the
TMD factorization theorem in Eq. (3.15), dependence on zh becomes weak, leading to a
plateau at the tail region. On the other hand, for the factorization theorem with joint re-
summation in Eq. (3.19), where transverse momentum and threshold logarithms are jointly
resummed, the cross section sharply decreases as zh increases, indicating a better fit for
this region. Generally speaking, for kinematic regions distinguished by zh bins, adopting
TMD resummation in intermediate zh regions while making use of joint resummation for
large zh bins can lead to excellent agreement with measurement for e
+e− → piX process,
suggesting our factorization and resummation formula results in a reasonable approach for
describing single inclusive hadron production at the electron-positron colliders.
5 Conclusion
Single inclusive hadron production at the e+e− colliders provide a new opportunity to
study transverse momentum dependent fragmentation functions (TMD FFs), which are
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important to understand the 3D structure for the hadrons and the non-perturbative QCD.
Belle collaboration has performed the first measurement for this observable, e+e− →
h(zh, jT )+X, where zh is the energy fraction for the hadron, while the hadron’s transverse
momentum jT is measured with respect to the thrust axis determined by the hadronic
event shape. We develop a TMD factorization formalism for such an observable, which
resums logarithm of ln(Q/jT ). Realizing the non-global nature of the observable, our fac-
torization formalism involves a multi-Wilson line structure, which allows us to resum both
global and non-global logarithms. Besides, as the increasing of the energy fraction zh of
the hadron, the threshold soft gluon enhancement effects become more and more impor-
tant, which require us to perform joint TMD (∼ ln(Q/jT )) and threshold (∼ ln(1 − zh))
resummation. We apply the formalism proposed in [57] based on SCET+ framework [66]
to obtain factorization and resummation formula in the joint limit.
In the end we find that TMD resummation formula give a good description for the
jT distribution as zh < 0.65. For large zh > 0.65 region, in order to describe the data
we need to include threshold resummation effects. Especially, we find that the Gaussian
width of the jT distribution given by the TMD formalism freeze to a certain value which
is not consistent with the measurement. While after including joint threshold and TMD
resummation effects, the theoretical predictions are consistent with data very well.
In the present work we obtained the perturbative resummed cross section at the next-
to-leading logarithmic (NLL) accuracy. In the future work, we will include higher order
resummation effects using method developed in [73]. Especially, in this case beyond the
NLL level, the gluon TMD FF will also contribute to the cross section as shown in (3.3),
it will be interesting to study its effects.
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